In the article, we present several sharp bounds for the modified Bessel function of the first kind I 0 (t) = 
Introduction
Let a, b > , p : (, ∞) → R + be a strictly monotone real function, θ ∈ (, π) and r n (θ ) = (a n cos  θ + b n sin  θ ) /n , n = , where p - is the inverse function of p.
From (.) and (.) we clearly see that
is the classical arithmetic-geometric mean, which is related to the complete elliptic integral of the first kind K(r) = For q = , the mean M x q , (a, b) seems to be mysterious, Toader [] said that he did not know how to determine any sense for this mean.
Let z ∈ C, ν ∈ R\{-, -, -, . . .} and (z) = lim n→∞ n!n z /[ Let b > a > , p ∈ R, t = (log b -log a)/ > , and the pth power mean A p (a, b) be defined by
Then the logarithmic mean L(a, b), the identric mean I(a, b), and the pth power mean
The main purpose of this paper is to present several sharp bounds for the modified Bessel function of the first kind I  (t) and the Toader-Qi mean TQ(a, b).
Lemmas
In order to establish our main results we need several lemmas, which we present in this section.
be the number of combinations of n objects taken k at a time, that is, 
Lemma . The Wallis ratio
is strictly decreasing with respect to all integers n ≥  and strictly log-convex with respect to all real numbers n ≥ .
Proof It follows from (.) that
for all integers n ≥ . Therefore, W n is strictly decreasing with respect to all integers n ≥  follows from (.). Let f (x) = (x + /)/ (x + ) and ψ(x) = (x)/ (x) be the psi function. Then it follows from the monotonicity of ψ (x) that
for all x ≥ . Therefore, W n is strictly log-convex with respect to all real numbers n ≥  follows from (.) and (.).
Lemma . (See []) The double inequality
holds for all x >  and a ∈ (, ).
. Then the sequence {s n } ∞ n= is strictly decreasing and
Proof The monotonicity of the sequence {s n } ∞ n= follows from
To prove (.), we rewrite s n as
It follows from Lemma . and (.) that Lemma . The identity
Proof From (.) and Lemma . together with the Cauchy product we have
if both f and g are increasing or decreasing on (a, b). 
Main results

Theorem . The double inequalities
hold for all t >  and b > a > .
Proof From (.) we have
and
We clearly see that both cosh(tx) and / √  -x  are increasing with respect to x on (, ). Then Lemma . and (.) lead to
Therefore, inequality (.) follows from (.) and (.).
Let t = log(b/a)/. Then it follows from (.) and (.) that
Therefore, inequality (.) follows from (.).
Remark . From Theorem . we clearly see that
Theorem . The double inequalities
α  sinh(t) t < I  (t) < β  sinh(t) t (.) and α  L(a, b)A(a, b) < TQ(a, b) < β  L(a, b)A(a, b) (  .  )
hold for all t >  and a, b >  with a = b if and only if
Then simple computation leads to
It follows from Lemma . and (.) that the sequence {a n /b n } ∞ n= is strictly decreasing and
From Lemma . we have
Lemma . and (.) together with the monotonicity of the sequence {a n /b n } ∞ n= lead to the conclusion that R  (t) is strictly decreasing on the interval (, ∞). Therefore, we have
From Lemma ., (.), and (.) we know that 
Remark . Equations (.) and (.) imply that
or we have the asymptotic formula
on (, ∞) and
Then the double inequality
Then it follows from Lemma ., Lemma ., Lemma ., and (.)-(.) that
and we have the inequality
n= is strictly increasing for  ≤ n ≤  and strictly decreasing for n ≥ . Then Lemma . and (.) lead to the conclusion that there exists t  ∈ (, ∞) such that R  (t) is strictly increasing on (, t  ) and decreasing on (t  , ∞). Therefore, we have
for all t > , and t  is the unique solution of equation (.) on (, ∞). Note that
From (.), (.), (.), (.), and (.) we get
Therefore, inequality (.) holds for all t >  if and only if λ  ≤ /π , λ  ≥ λ  follows from (.) and (.) together with the piecewise monotonicity of R  (t) on (, ∞). Numerical computations show that t  = . . . . and λ  = . . . . . Proof If the first inequality of (.) holds for all t > , then
Theorem . Let p, q ∈ R. Then the double inequality
which implies that p ≥ /. It is not difficult to verify that the function cosh -p t(sinh t/t) p is strictly decreasing with respect to p ∈ R for any fixed t > , hence we only need to prove the first inequality of (.) for all t >  and p = /, that is,
Making use of the power series and Cauchy product formulas together with Lemma . we have
Let W n and s n be, respectively, defined by Lemma . and Lemma ., and
Then simple computations lead to
It follows from Lemma . and Lemmas .-. together with (.) that
for all n ≥ .
Therefore, inequality (.) follows from (.)-(.).
If the second inequality of (.) holds for all t > , then we have
which implies that q ≤ /. Since cosh t > sinh t/t, we only need to prove that the second inequality of (.) holds for all t >  and q = /, that is,
and W n be defined by (.). Then simple computations lead to
From (.) and (.) we clearly see that the sequence {α n /β n } ∞ n= is strictly increasing, then Lemma . and (.) lead to the conclusion that the function (cosh t -I  (t))/[cosh t -sinh t/t] is strictly increasing on the interval (, ∞). Therefore, inequality (.) follows from the monotonicity of (cosh t -I  (t))/[cosh t -sinh t/t] and the fact that
Theorem . Let p, q > , t  be the unique solution of the equation
Then the following statements are true: 
.
From (.) we clearly see that the sequence {u n /v n } ∞ n= is strictly decreasing if p ≥  and strictly increasing if p ≤ √ /. Then Lemma . and (.) lead to the conclusion that the function R  (t) is strictly decreasing if p ≥  and strictly increasing if p ≤ √ /. Hence, we have If the first inequality (.) holds for all t > , then we have
which implies that p ≤ √ /. If there exists q  ∈ ( √ /, ) such that the second inequality of (.) holds for all t > , then we have
But the first inequality of (.) leads to
which contradicts inequality (.).
(ii) If p ∈ ( √ /, ), then from (.) we know that there exists n  ∈ N such that the sequence {u n /v n } ∞ n= is strictly decreasing for n ≤ n  and strictly increasing for n ≥ n  . Then (.) and Lemma . lead to the conclusion that there exists t  ∈ (, ∞) such that the function R  (t) is strictly decreasing on (, t  ] and strictly increasing on [t  , ∞). We clearly see that t  satisfies equation (.). It follows from (.) and (.) together with the piecewise monotonicity of R  (t) that
Therefore, inequality (.) holds for all t >  follows from (.) and (.).
It is not difficult to verify that the function
is strictly increasing with respect to p on the interval (, ∞) and 
Corollary . The inequalities
cosh / (t) <  cosh t  - <   cosh t  -   < cosh √ t  <   cosh t  +   <   cosh √ t  +   < I  (t) <  + cosh t  or G / (a, b)A / (a, b) < A / / (a, b)G / (a, b) -G(a, b) <   A / / (a, b)G / (a, b) -   G(a, b) < A √ / √ / (a, b)G - √ / (a, b) <   A / / (a, b)G / (a, b) +   G(a, b) <   A √ / √ / (a, b)G - √ / (a, b) +   G(a, b) < TQ(a, b) < A(a, b) + G(a, b)  hold for all t >  or all a, b >  with a = b.
Theorem . Let p > . Then the following statements are true: (i) The inequality
Proof (i) If inequality (.) holds for all t > , then we have
It follows from Lemma  of [] that the function [cosh(pt)]
/(p  ) is strictly decreasing with respect to p ∈ (, ∞) for any fixed t > , hence we only need to prove that inequality (.) holds for all t >  and p = √ /. From the sixth inequality of Corollary . we clearly see that it suffices to prove that
for all t > , which is equivalent to
for all x > , where
for all x > . Therefore, inequality (.) follows easily from (.)-(.) and (.).
(ii) The sufficiency follows easily from the monotonicity of the function p → [cosh(pt)] /(p  ) and the last inequality in Corollary . together with the identity ( + cosh t)/ = cosh  (t/).
Next, we prove the necessity. If there exists
But the first inequality of (.) leads to 
hold for all t >  or all a, b >  with a = b.
Proof If inequality (.) holds for all t > , then we have
Next, we prove the sufficiency of inequality (.). Simple computations lead to
for x > . Equation (.) and inequality (.) imply that the function θ → [cosh(t cos θ ) + cosh(t sin θ )] is decreasing on [, π/] and increasing on [π/, π/] for any fixed t > . Hence, it suffices to prove that inequality (.) holds for all t >  and θ = θ  = π/. Let
for n ≥ . It follows from Lemma . and (.)-(.) that R  (t) is strictly decreasing on (, ∞). Therefore,
follows from (.) and the monotonicity of R  (t) together with R  ( + ) = ρ  /σ  = .
Proof The second inequality (.) can be rewritten as
In [, ], the authors proved that the inequality
holds for all distinct positive real numbers a and b with the best possible constant /. Inequalities (.) and (.) lead to 
with the best possible constants / and log /(log π -log ), and the one-sided inequal-
It follows from (.) and (.) that
which can be rewritten as for all n ∈ N.
